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An algebraic module is a KG-module that satisfies a polynomial with integer coefficients, with 
addition and multiplication given by direct sum and tensor product. In this article we prove that if 
G is a group with abelian Sylow 2-subgroups and K is a field of characteristic 2, then every simple 
KG-module is algebraic. 

1 Introduction 

The concept of an algebraic module originated with Alperin pp. It can be thought of as an attempt 
to distinguish those modules whose tensor powers are 'nice' from those whose tensor powers are 
'uncontrollable'. Define a module to be algebraic if it satisfies a polynomial with integer coefficients 
in the Green ring. This is equivalent to the statement that for a module M there is a finite list 
of indecomposable modules Mi, . . . ,M n such that for every i, the module M®* is isomorphic to a 
sum of the Mj. 

The main theorem in this article is the following. 

Theorem A Let G be a group with abelian Sylow 2-subgroups, and let M be a simple -fTC-module, 
where K is a field of characteristic 2. Then M is algebraic. 

This result is in some sense orthogonal to a recent theorem [7], which states that if B is a block 
with Klein four defect group, then all simple i?-modules are algebraic. This result implies that 
there are only finitely many Puig equivalence classes of block with Klein four defect group. Both 
results can be subsumed under the following conjecture. 

Conjecture B Let B be a 2-block with abelian defect group. Then all simple -B-modules are 
algebraic. 

This conjecture can not be extended to odd primes in general: the principal block of the sporadic 
simple group M\\ contains non-algebraic simple modules, such as the 5-dimensional simple modules. 
However, it appears as though if a group has a block with abelian defect group then the simple 
modules in that block tend to be algebraic. 



2 Preliminaries 



The theory of algebraic modules is not well-known, and thus we will recall some results from the 
literature that we need in order to prove our main theorem. We begin with the following easy 
lemma. 

Lemma 2.1 ([TUl Section II. 5]) Let M = Mi © M 2 be a KG-module, and suppose that Hi < 



(i) M is algebraic if and only if Mi and M 2 are algebraic. 

(ii) The module Mi ® M 2 is algebraic if Mi and M 2 are algebraic. 

(iii) If Mi is algebraic then the modules Mi [h x and Mi f 2 are algebraic. 
In particular, this proves the following two corollaries. 

Corollary 2.2 Let K be a field and let G be a finite group. Let M be an indecomposable KG- 
module, S be a source of M, and N be a Green correspondent of M. Then the following are 
equivalent: 

(i) M is algebraic; 

(ii) N is algebraic; and 

(iii) S is algebraic. 

Corollary 2.3 Let G be a finite group and let K be a field of characteristic p. Let iJ be a normal 
subgroup of G whose index is prime to p, and let M be a KG-module. Then M is algebraic if and 
only if M [jj is algebraic. 



Lemma f2.1f ii). together with the fact that every simple module for a direct product is the tensor 
product of simple modules for each factors yields the following result. 

Lemma 2.4 Let K be a field of characteristic p. Suppose that G and H are finite groups such 
that every simple module over K is algebraic. Then every simple K{G x ff)-module is algebraic. 

We would like to ignore projective modules when analyzing tensor products of modules. The 
next result provides this. 

Proposition 2.5 Let be an ideal of algebraic modules in the Green ring a(KG), and let M be 
a -ffG-module. Then M is algebraic in a(KG) if and only if M + J? is algebraic in a{KG)/ .J? . In 
particular, if & denotes the ideal consisting of all projective modules, then a XG-module M is 
algebraic if and only if M + & is algebraic. 



G < H 2 . 
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Proof: Suppose that M is algebraic. Then M satisfies some polynomial in the Green ring, and 
therefore its coset in any quotient satisfies this polynomial as well. Conversely, suppose that M + <_# 
satisfies some polynomial in the quotient a{KG) / J? . Thus 

^ai(M + j?y = ,y. 

This implies that, since (M + S) % = M m + S, we have 

which consists solely of algebraic modules. Hence there is some polynomial involving only M 
witnessing the algebraicity of M. □ 

In fact, since all modules with cyclic vertex are algebraic (as there are only finitely many 
such indecomposable modules for any group) the collection of all modules whose indecomposable 
summands all have either cyclic or trivial vertex is an ideal of algebraic modules. 

We finally need the soluble version of Theorem |A] 

Theorem 2.6 (Berger |4j) Let G be a soluble group, and let M be a simple KG-module, where 
K is a field. Then M is algebraic. 

This establishes all of the basic properties of algebraic modules that we need. Our next results 
are on Clifford theory [6J. Let K be a field of characteristic p, and let G be a finite group with a 
normal subgroup H. If M is a simple -fTG-module, then M [h is semisimple; let N be one of its 
summands. The inertia subgroup L of TV" is the set of all g E G such that the conjugate module 
N 9 is isomorphic with N. 

There are simple projective (i.e., homomorphisms <j) : G — > PGL n (K)) representations V and 
W of L such that V Ih= N and TV is a projective G/-£/-representation, such that (V®W) "\ G = M. 
A projective representation of a finite group G can be thought of as an ordinary representation of a 
group G, which is a central extension of G by a group of p'-order. We will consider this viewpoint 
when dealing with projective representations. 

Further preliminaries involve blocks of defect group V4, which are necessary to make dealing 
with certain groups considerably easier. The Green correspondence for V4 blocks was determined 
by Erdmann in [9j up to a parameter. The following result is an easy corollary of the main theorems 

of m- 

Lemma 2.7 Let B be a 2-block of a finite group G, and suppose that the defect group of B is 
V4. Suppose further that B is real (which is equivalent to at least one of the ordinary characters of 
B being real). Then a simple l?-module either has trivial source or is periodic with 2-dimensional 
source. 

We end this section with the main tool used in the proof of TheoremO Walter's characterization 
of groups with abelian Sylow 2-subgroups. 
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Theorem 2.8 (Walter [13J, Bender |3j) Let G be a finite group with abelian Sylow 2-subgroups. 
Then there are normal subgroups H ^ L such that 

(i) \H\ is odd, 

(ii) \G : L\ is odd, and 

(iii) L/H is a direct product of simple groups with abelian Sylow 2-subgroups and an abelian 
2- group. 

The simple groups with abelian Sylow 2-subgroups are SL2(2 ra ) for n ^ 3, PSL2(g) for q ^ 5 and 
q = 3, 5 mod 8, the Ree groups 2 G2{q) for q ^ 27 an odd power of 3, and the Janko group J\. 

3 Simple Groups 

Walter's characterization of groups with abelian Sylow 2-subgroups reduces us to proving the result 
for simple groups and using an inductive argument, based on Clifford theory. However, in order 
to use Clifford theory, we need to prove Theorem [X] for all odd central extensions of simple groups 
with abelian Sylow 2-subgroups first. Luckily, this will not be a problem, since the groups we are 
interested in have Schur multiplier at most 2. We deal with each class of groups in turn. Let K 
denote a field of characteristic 2. 

We begin with SL2(2 n ). In [2], Alperin determines the tensor products of simple modules 
in characteristic 2 for the groups SL2(2 n ), and in particular proves that all simple modules are 
algebraic. Since the Schur multipler for SL2(2 n ) is trivial (except for SL2(4), for which it is 2), this 
deals with this class of group. 

The groups PSL2(g) where q = 3, 5 mod 8 are studied in [5|, where it is proved that if q = 3 
mod 8 then the sources of the simple modules in the (unique) block of non-cyclic defect group are 
all trivial. Thus when q = 3 mod 8 all simple modules for PSL2(g) are algebraic. (The Schur 
multiplier for these groups is 2.) When q = 5 mod 8, the two non-trivial simple modules in the 
principal block are periodic. Their source is 2-dimensional, and so can be thought of as a restriction 
of the natural module GL2(2 n ) for some n. (In fact, in 0, it is shown that n can be taken to be 2.) 
Since all simple modules for GL2(2 n ) are algebraic (by the previous paragraph and Corollary I2.3[) . 
we see that the 2-dimensional sources are likewise algebraic. Thus all simple modules are algebraic 
when q = 5 mod 8. 

The groups 2 G2(q) are more complicated. The isomorphism type of the normalizer of a Sylow 
2-subgroup (which is isomorphic to (C2 x C2 X C2) x T, where T is the non-abelian group of order 
21) does not depend on the particular q. In [12] . Landrock and Michler proved that the Green 
correspondents for the simple modules in the principal block of 2 G2(q) are independent of q. In 
particular, this correspondence holds for 2 C?2(3) = SL2(8) x C3. Then Corollaries 12.21 and 12.31 and 
the fact that all simple modules for SL2(2") are algebraic, prove that all simple modules in the 
principal block are algebraic. 
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We now use results of Ward in [14J. The remaining simple modules lie in blocks of smaller 
defect. All blocks with trivial or cyclic defect group are populated solely by algebraic modules, and 
so the discussion rests with blocks of defect group V4. In [141 II. 7], Ward notes that the ordinary 
characters in 2-blocks of defect 2 are real. By Lemma [2. 71 this implies that all simple modules from 
blocks of defect group V4 are algebraic. (One may also use the main result of [7], as mentioned 
before. That result uses the same method of proof for this group.) 

This leaves the simple group J\. In [TT], the block structure of J\ is given. It has one block of full 
defect, together with a cyclic block and five projective simple modules. Hence all simple modules 
are algebraic if and only if all simple modules from the principal block are algebraic. The normalizer 
of a Sylow 2-subgroup of J\ is the same as that of 2 G2(g), and the Green correspondent of the 
20-dimensional simple module in the principal block of J\ is the same as the Green correspondent 
of the 12-dimensional simple module for SL2(8) x G3. This leaves the two (dual) 56-dimensional 
simple modules and the 76-dimensional simple module. 

To analyze the algebraicity of these modules requires the use of a computer. The author knows 
of no way to compute the resulting tensor products by hand, since the dimensions and numbers of 
indecomposable modules involved make most decompositions highly difficult. 

The decompositions of tensor powers of the Green correspondents of the 76-dimensional simple 
module, and of the sources of the 56-dimensional simple modules, were computed using the com- 
puter algebra package Magma, and the results, together with a fwe remarks on the methods needed 
to compute the decompositions, are given in Section [SJ 

We have the following theorem. 

Theorem 3.1 Let G be a finite simple group with abelian Sylow 2-subgroups, and let K be a field 
of characteristic 2. Then every simple projective i^G-representation is algebraic. 

4 The Induction 

Recall the notation 2 i(G) and O 2 (G) for the largest normal subgroup of G of odd order and the 
smallest normal subgroup of odd index respectively. 

By Corollary 12.3^ if Theorem [X] is true for all such finite groups with G = O 2 (G) then it is true 
for all finite groups. We actually prove something equivalent but apparently slightly stronger. 

Theorem 4.1 Let G be a finite group with abelian Sylow 2-subgroups, and let K be a field of 
characteristic 2. Let M be a simple projective representation of G. Then M is algebraic. 

Proof: Write H = 02'(G), and proceed by induction on \G/H\. Let M be a simple projective 
i^G-representation. By replacing G with an odd central extension of G (and noting that Gj 02'(G) 
does not change) we may assume that M is a simple iTG-module. Let N be a simple summand 
of M [h and let L denote the inertia subgroup of N . If L = G, then write V for the projective 
iCG-representation such that V [h= N. If P is a Sylow 2-subgroup of G, then V [hp is a simple 
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projective Er(ifP)-representation, which is therefore algebraic, since HP is soluble (by Theorem 
12, 6|) . Thus V is algebraic. 

We can also see that W is algebraic, since it is a projective G/-ff-representation; by Theorem 
12.81 G/H is a direct product of a 2-group P and simple groups with abelian Sylow 2-subgroups. 
A central extension of G/H of odd order must be a group A x B, where A is a direct product of 
simple groups and B is an odd central extension of P. By Theorem 13. 11 all simple modules for each 
factor of the product A are algebraic, and by Theorem 12.61 all simple modules for B are algebraic. 
Finally, by Lemma 12.41 an simple modules for all odd central extensions of G/H are algebraic, as 
required. 

Now suppose that L < G. Then there is a simple -ftTL-module M' such that M 1 j G = M, The 
subgroup L is a group with abelian Sylow 2-subgroups, and since H ^ L < G, we must have 
\L/02'(L)\ < \G/ 02'(G)\. By induction all projective simple iTL-representations are algebraic. 
Thus M' is algebraic, and so is M, as required. □ 

5 Computing with J\ 

Write G for the normalizer of a Sylow 2-subgroup P of Ji, which has order 168, and let K be a field 
of characteristic 2. The Green correspondents of the simple modules for J± are given in [11]. There 
are therefore two indecomposable modules for G that need to be analyzed. Unfortunately, it does 
not seem possible at this juncture to provide theoretical reasons why these two indecomposable 
modules are algebraic, and to manually compute the tensor products is a daunting task unless one 
is aided by a computer. 

It is easy to see that there are five simple JCG-modules if K contains a cube root of unity, and 
four simple modules otherwise: the trivial module, two other dual 1-dimensional modules which 
amalgamate over GF(2), and two dual 3-dimensional modules. 

The first module to be considered is the 12-dimensional Green correspondent A of the 76- 
dimensional simple module of J\ in the principal block. Its Green correspondent does not require a 
cube root of unity to be realized, and so we let K be the field GF(2). Therefore G has four simple 
modules: the trivial module K, the 2-dimensional simple (but not absolutely simple) module W\, 
and the two dual 3-dimensional simple modules W2 and WJ. Finally, if M is a module, write P(M) 
for the projective cover of M, and write n ■ M for the ra-fold direct sum of M with itself. 

The tensor square of A is given by 

A <g> A = 2 ■ Ci C 2 , 

where C\ is a 28-dimensional module with Q(Ci) = C\ and C2 is a non-periodic 88-dimensional 
indecomposable module. The decomposition of A ® C\ is given by 

a ® d = 2 • v(K) e 2 • p(PFi) e 4 • v(w 2 ) e 4 • v(wz) e 2 • c 3 , 
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where C3 is a 56-dimensional module with Q(Cs) = C3. Finally in this direction, we have the 
decomposition 

A © C 3 = 2 • V(K) © 3 • V(W X ) © 8 • V{W 2 ) © 8 • V{Wl) © 4 • d © 2 • C 3 . 

Moving on to the product of A and C2, we have 

i®C 2 =4. © 3 • Ai © 4 • p(Wi) © 14 • P(W 2 ) © 14 • P(W 2 *) © 2 • Ci © 2 • C 3 © C 4 © C 5 , 

where C4 is a 12-dimensional indecomposable module and where C5 is a periodic 84-dimensional 
indecomposable module. Decomposing more tensor products, we have 

A © C 4 = P(1T) © 7>(Wi) © 2 • P(W 2 ) © 2 • P(W 2 *) © Ce, 

where Cq is a 24-dimensional indecomposable module. The next decomposition is 

A © C 6 = 2 • C 4 © 2 • P(iT) © 2 • 7>(Wi) © 4 • P(W 2 ) © 4 • P(W 2 *) © C 7 , 

where C7 is another 24-dimensional indecomposable module. Decomposing the next tensor product 
gives 

A © C 7 = 2 ■ V{K) © 2 • P(Wi) © 4 • P(W 2 ) © 4 • P(W^) © C 8 , 
where Cs is a 48-dimensional indecomposable module. Finally, we have 

A © C 8 = 2 • C 4 © 2 • C 7 © 3 • © 3 • © 9 • V{W 2 ) © 9 • V{W^). 

Thus the remaining module to deal with is C5. This decomposes as 

A © C 5 = 5 • PORT) © 5 • © 15 • V(W 2 ) © 15 • P(W 2 *) © Cg, 

where Cg is a 168-dimensional periodic module, and this is followed by 

A © C 9 = 10 • © 10 • 7>(Wi) © 30 • P(W 2 ) © 30 • P(VF 2 *) © 2 • C7 5 © d , 

where C10 is another 168-dimensional periodic module. Next, 

A © C10 = 10 • PORT) © 10 • V{Wi) © 30 • V{W 2 ) © 30 • P(VF 2 *) © C u , 

where Cu is a 336-dimensional periodic module, and finally 

A ® C u = 21 • © 21 • P(Wi) © 63 • P(W 2 ) © 63 • P(W^) © 2 • C 5 © 2 • C 10 , 

proving that A is algebraic. Therefore by Corollary 12.21 the corresponding 76-dimensional simple 
module for J\ is algebraic. 

The last two modules to analyze are the two dual 56-dimensional simple modules for J\. In 
this case, we really do need to extend our field to K = GF(4), and we do so. Let B denote the 
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source of one of these modules, an 8-dimensional non-periodic iTP-module. The module B® 2 is 
indecomposable, but 

3 

B m = 2 • b x © D 2 ,i e y e 48 • v(k), 

1=1 

where B\ is a periodic 8-dimensional module, the L>2,i are periodic 28-dimensional modules, and 
Y is a sum of 4-dimensional permutation modules with cyclic vertex (which can be ignored by 
Proposition ^. 5p , The tensor product of B and B\ is simply a sum of modules with cyclic or trivial 
vertex, and so we consider the tensor product of B and B 2) i- in this case, 

B®B %i = B 3ji © 21 • V(K ), 

where the B^i are (pairwise non-isomorphic) 56-dimensional indecomposable modules. Next, 

B <g> B-^ = 2 • D 2 ,i © B 4 ^ © 42 • V(K), 

where the B4 j are (pairwise different) 56-dimensional indecomposable modules. The module B^i® 
B behaves similarly to B 2i i ® B, and indeed 

B®B A>i = B h>i ®A2-V{K), 

where the B§ i are 112-dimensional indecomposable modules, and 

B ® D Bti = 2 • B 3ji © 2 • D 5)i © 91 • V(K). 

This implies that B is algebraic, since we have decomposed all possible tensor products. 

This confirms that all simple modules in the principal block of J\ are algebraic, providing the 
last piece in the proof of Theorem [XI 

We will end with a brief discussion on how to produce the decompositions listed above. The 
standard method in Magma is to use the in-built command IndecomposableSummands which, as 
its name implies, returns the indecomposable summands of a given module. However, this method 
quickly runs out of memory when dealing with modules of large dimension. (It appears to be 
dependent rather on the number of submodules of a module, which makes this method particularly 
bad for p-groups.) For example, the 896-dimensional module B§ y i®B over GF(4) would be difficult 
to decompose using this command. 

Instead, we make the observation that the majority of the summands in tensor products of 
indecomposable modules for p-groups are projective. Thus we need only find submodules of a 
module that are projective, and we immediately know that they split off. This removal of projective 
summands can be easily done for p-groups with very little memory requirements, using the fact 
that if a module for a p-group has a free summand, then it is likely that the submodule generated 
by a random element is free. 

This method will not work very well (indeed, at all) for a group that is not a p-group. For 
example, we are interested in the tensor powers of the Green correspondent, and so we need another 
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method. It is possible to construct the set of all module homomorphisms between a given module 
and a projective KG-module. Choosing random elements from the set of homomorphisms yields 
a (probabilistic) method of removing a projective summand. This requires the construction of all 
projective KG- modules. 
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